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The present research statement briefly describes the research activity in mathematical 
physics I have carried out in recent years and develops prospects and ideas for a research 
program that I would like to develop in the future.  Solid state physics has always been a 
source of great inspiration for me. The principal research felds of my activity (ordered by 
personal interest) are:

 - Topological effects (e.g. Topological Insulators,Quantum Hall Effect, Piezoelectricity, etc.);
 - Electronic Properties of Periodic and Aperiodic Structures;
 - Thermodynamics.

The wealth of mathematical knowledge that I accumulated during my research includes: 

- Functional Analysis; 
- Operator Algebras; 
- Vector bundle theory and K-theor;,
- Non-commutative Geometry; 
- Differential Geometry; 
- Partial Differential Equations.

Past Achievements
- Magnetic Hamiltonians and TKNN-equations

During my PhD, I have been working mostly on problems related to Quantum Hall 
Effect, with  emphasis  on its  geometric  (commutative  and non-commutative)  aspects. My 
dissertation entitled Hunting colored (quantum) butterfies: a geometric derivation of the TKNN-
equations [12], focused on the geometric analysis of the duality proposed by D. J. Thouless et  
al. in the seminal paper [TKNN82].  This duality relates the Hall conductances associated to 
a system of non-interacting 2D electrons in a periodic potential (crystal) under the influence 
of a uniform orthogonal magnetic feld (with rational flux) in the opposite limits of a very  
strong (Harper  regime) and a very weak (Hofstadter regime) magnetic feld. The quantized 
conductances are associated (via Kubo formula) with the Chern numbers of suitable vector 
bundles labeled by the spectral projections of the  effective Hamiltonians which describe 
the system in the two limit regimes. In [TKNN82] the authors argued that the values of the 
conductance exhibited by the system in the two limits are pairwise coupled by means of a 
diophantine relations called TKNN-equation.

The  main  goal  achieved  in  my  thesis  was  the  rigorous  derivation  of  the  TKNN-
equation based on a complete understanding of the deep geometric aspects of the duality 
proposed in [TKNN82].  The proof is based on three steps:



1. First of all I derived the effective models for the description of the QHE in the limit  
regimes  of  strong  and  weak  magnetic  feld  [15]. It  turns  out  that  these  effective 
models live in two isomorphic representations of the non-commutative torus. I used 
the  Space  Adiabatic  Perturbation  Theory [Te03]  in  order  to  prove  the  (asymptotic) 
unitary equivalence between the effective models and the true physical Hamiltonian. 
Afterwards, these  results  have  been  extended  to  a  larger  class  of  slowly  varying 
unbounded magnetic felds in a later work in collaboration with M. Lein [1]. This 
generalization  was  made  possible  by  the  combined  use  of  the  Space  Adiabatic 
Perturbation Theory and a “twisted” generalization of the usual Weyl quantization 
called Magnetic Quantization.

2. The  second step  concerns  the  analysis  of  the  connection between geometry  and 
symmetry. I showed how the existence of an abelian symmetry for a quantum system 
leads, in general, to a unique vector bundle structure which encodes relevant physical 
information in terms of topological invariants. Such an analysis is based on a suitable 
algebraic  generalized of  the Bloch-Floquet-Wannier  transform. These results  have 
been published in [4].

3. The discussion of the geometric duality between vector bundles which is at the origin 
of  the  TKNN-equation is  the  last  step. The geometric  approach developed in my 
thesis led to fruitful generalizations. In fact, in a later work in collaboration with G. 
Landi [5,6], I proved that the TKNN-equation can be extended to a larger family of 
representations  of  the  non-commutative  torus.  Each  of  these  representations  is 
labeled by an integer which corresponds to the Chern number of an associated vector 
bundle. Possible applications of such a generalization are the determination of the 
Hall  conductance (in the strong magnetic feld regime) when a periodic magnetic 
feld is turned on or in the case of an hexagonal lattice (Graphene).

- Piezoelectricity in Graphene

In a work in collaboration with M. Lein [8] I investigated the possibility of generating 
a piezoelectric orbital polarization in graphene-like systems which are deformed periodically. 
In this work we looked at discrete two-level models which depend on control parameters; in 
this setting, time-dependent model Hamiltonians are associated with loops in a suitable 
parameter space. The gap structure at a given Fermi energy generates a non-trivial topology 
on  this  parameter  space  which  then  leads  to  possibly  non  trivial  polarizations.  More 
precisely,  we  showed  that  the  polarization,  as  given  by  the  (topological)  King-Smith-
Vanderbilt  formula, depends only on the homotopy class of the associated loop. Hence, a 
necessary condition for non trivial piezo-effects is that the fundamental group of the gapped 
parameter  space  must  not  be  trivial.  The  use  of  the  framework  of  non-commutative 
geometry implies this results extend also to systems with weak disorder. This analysis has 
been applied to the  uniaxial  strain  model for graphene (which includes nearest-neighbor 
hopping and a stagger potential) showing that this “concrete” model supports non trivial 
piezo-effects. This result seems to be in agreement with recent physics literature [OR12].



- Perturbed Maxwell Dynamics in Photonic Crystals

Photonic crystals are periodic optical nanostructures that affect the motion of photons 
in much the same way that semiconductors affect electrons. Mathematically, the dynamics of 
the light in photonic crystals is described by a frst order differential Hamiltonian, called 
Maxwell  operator. If  the  periodic  structure  of  the  photonic  crystal  is  perturbed  by  an 
external  slow varying feld an adiabatic  expansion (in the spirit  of the Spatial  Adiabatic 
Perturbation Theory) is possible. As a frst step to deriving effective dynamics (more properly 
called ray optics), I proved in a preliminary work [9] in collaboration with M. Lein that the 
perturbed periodic  Maxwell  operator  can be seen as a  pseudodifferential  operator. This 
result  necessitates a better characterization of the behavior in frequency of the physical 
initial states at small crystal momenta and small frequencies. This frst work provided us the 
starting point for the development of the semiclassical analysis for the dynamic of the light 
inside an isotropic photonic crystal that is modulated on the macroscopic level. In [10] we 
proved that the slow modulation produces an adiabatic decoupling of the light dynamic 
which can be effectively described by a simpler reduced Hamiltonian. The latter shows the 
structure of a matrix-valued Harper operator and this seems to be a good indication for the 
appearance  of  a  Hofstadter-like  pattern  of  spectra  also  in  the  ambit  of  the  physics  of 
photonic crystals. 

- Topology of Time-Reversal Symmetric Topological Insulators

The construction of a classifcation scheme for topological insulators [SRFL,Ki] has 
been one of the most important results obtained in the investigation of topological states of 
matter. In this scheme topological insulators are classifed in terms of the dimensionality of 
the system and the existence of certain discrete symmetries. The class of systems which are 
not  subject  to  any  symmetry  is  denoted  with  the  uppercase  letter  A  according  to  the 
Altland-Zirnbauer-Cartan classifcation of topological insulators. Quantum Hall systems are 
members  of  this  class. Systems subjected  to  an  even time  reversal  symmetry  (+TR)  are 
denoted  with  AI  while  systems  subjected  to  an  odd time  reversal  symmetry  (-TR)  are 
denoted with AII. The class  AI contains spinless, or integer spin, quantum systems which 
are invariant with respect to time inversion while time-reversal invariant half-integer spin 
systems are usually element of AII. The classifcation scheme invented by A.  Kitaev [Ki] is 
based  on  K-theoretical  techniques  and  does  not  provide  any  information  about  the 
topological  phases in the case of small  number of excited Bloch bands (unstable  regime) 
neither is able to explain the nature of the topological invariants that distinguish different 
phases. While for class  A systems we know that Chern classes provide a complete set of 
invariant, nothing similar seems to be known for systems in class AI and AII. In a joint work 
with K. Gomi [13] we flled this gap for systems of type AI. We established the homotopic 
classifcation  for  the  vector  bundle  theory  associated  with  these  systems  (“Real” vector 
bundle in the sense of Atiyah) and we described the proper characteristic classes which 
provide such a classifcation. We are now dealing with the same problem for the class AII. In 
this  case  the  correct  underlying  vector  bundle  theory  is  called  “Quaternionic”.  We 
constructed a  characteristic  cohomology  class  which classifes these  vector  bundles  and 



which reduces to the classical Kane-Mele invariant [KM] in the simplest cases. These results 
will  be  explained  in  detail  in  an  incoming  paper  [19]  (almost  completed). Recently, in 
collaboration with H. Schulz-Baldes, I explored also a different approach to the problem of 
defning  in  general  way  the  Z2-index  which  usually  characterizes  type  AII systems. We 
discovered that there is a homotopic Z2-invariant which characterizes the topology of the 
family of odd-symmetric Fredholm operators. Interestingly this invariant can be represented 
in terms of the spectral flow associated to the system. This result will appear soon in [18]. 

- Thermodynamics and Integrable Systems

A secondary line of research, which has always fascinated me since the time of my 
bachelor  degree,  concerns  the  thermodynamics  of  phase  transitions.  In  a  work  in 
collaboration with A. Moro [3] I investigated the relations between thermodynamic phase 
transitions and shock waves of hydrodynamic type. The application of techniques proper of 
the theory of Integrable Systems to thermodynamic equations seems to be very promising 
in order to study phase transitions of composite and non-additive thermodynamic systems. 
In a recent work [11] we extended this technology to multi-phase thermodynamic systems 
and we discussed the connection between  N-phase systems and Tsallis' type entropies.

Future Plans
In  the  last few  years,  I  had  the  opportunity  to  meet  several  highly  qualifed 

researchers and to exchange ideas with them. As a result of these interactions, nowadays I 
have a collection of new problems to investigate on and many collaborations in various 
universities all over the world. The research activity that I would like to carry out in the 
coming years can be divided into two main lines: the frst concerns the the structural study 
of the topological aspects related to band-spectrum operators (topological insulators, photonic  
crystals) in presence, or absence, of symmetries; the latter concerns the study of  aperiodic  
solids.

- Physics of Topological Phases in Insulators 

-  Graphene  and  the  fate  of  Dirac  points. -  Graphene  is  a  confguration  of  carbon 
consisting of a mononuclear layer of carbon atoms located at the sites of a two-dimensional  
honeycomb  lattice.  The  investigation  of  this  new  material  is  a  very  interesting  and 
fascinating topic in physics. The 2010 Nobel Prize in physics was awarded to Geim and 
Novoselov for groundbreaking experiments regarding this new two-dimensional material. 
My main interest concerns the peculiar electronic properties of graphene. The most simple 
model is a discrete Laplaican on a honeycomb lattice. Because the lattice is bipartite with 
two triangular sublattices, this Laplacian is a block operator. Its most interesting feature is 
the appearance of so-called Dirac points at which the dispersion relation is linear and thus 
similar  to  that  of  a  two-dimensional  Dirac  operator  without  mass. At  these  points  the 
density of states vanish. There are now various mechanisms to open a gap at the Dirac 



points, in particular, by adding a staggered potential or a spin-orbit coupling. According to 
the results of Kane and Mele [KM], these two ways of opening the gap differ considerably, 
namely  the  frst  one  leads  to  a  classical  insulator  and the  second one to  a  topological 
insulator. One of the main feature of these phases is the expected stability of non-trivial  
edge modes. In the case of the Kane-Mele model these are spin edge currents. The proposed 
research  aims  at  an  analysis  of  the  effects  of  disorder  on  all  the  different  classes  of  
topological insulators:

    - What is the asymptotic  formula for  the low frequency conductivity? For random  
Schrödinger operators this has been proved to be close to the form proposed by  
Mott.

    - Can  one  prove  Anderson  localization  at  the  band  edges  in  any  of  the  above  
situations? Are the spin edge currents stable under perturbation by disorder when 
one is in the non-trivial topological insulator phase? This would be a result similar to 
the stability of edge currents in the Quantum Hall Effect. 

    - What happens with density of states at the Dirac points if a small disorder is added? 
What is the scaling law in the coupling constant of the disorder? This should be  
analyzed without adding a gap-opening term and could alternatively also be studied 
effectively for a two-dimensional continuous Dirac operator.

    - How does the density of states behave under a disorder perturbation when the gap at 
the Dirac point is open? Are there Lifshitz tails in this situation or not? How does the 
behavior depend on the phase of the topological insulator?

Some of this question have already be addressed in [14] where we analyzed a more general 
context including also the BdG systems.

- Structural analysis of models of topological insulators -The study of concrete models on 
a honeycomb lattice as described above naturally leads to the question whether a similar 
analysis can be carried out for other topological  insulators, in particular, also for three-
dimensional models and some quantum spin systems. Furthermore, and this is rather the 
focus of this point of my proposal, there remains a lot to understand about the classifcation 
and stability analysis of topological insulators (even though this is considered a fnished 
story  in  the  physicists  community). While  physicists  like  Kitaev  [Ki]  provided a  general 
classifcation scheme, it has yet to be applied to many concrete models, actually containing 
disorder not only in a way typical for random matrix theory. A mathematical contribution to 
a very concrete model is by Hasting and Loring [HL]. This work uses real K-theory in order 
to determine the relevant invariants. This is a very promising point of view that should be 
further developed (albeit in a somewhat other direction than). In particular, the various Z2-
invariants appearing in the theory of topological insulators should be identifed as the index 
of some skew-adjoint Fredholm operator to be determined (a frst step in this direction has 
been  done  in  [18]).  A  prime  example  where  this  is  achieved  also  on  a  mathematical 
satisfactory level  is  the case of Quantum Hall  systems. For these systems, also the edge 
physics  has  been analyzed  rigorously  (note  that  this  edge  physics  is  used  as  a  guiding 
principle to determine the classifcation in various theoretical physics works). The next class 
of  system with  non trivial  topological  phases  that  should  be  better  understood from a 



mathematical prospect are the BdG systems. For such systems I proved (in collaboration 
with  H.  Schulz-Baldes)  a  Kubo-like  formula which  describe  the  spin  currents  (also  in 
presence of disorder) and which leads to a bulk-edge correspondence [17]. The next logical 
step is the determination of a similar formula for the thermal Hall conductivity and a rigorous 
derivation of the Righi-Leduc formula.

- Vector bundle theories associated with BdG systems - K-theory is a very powerful tool for 
the  analysis  of  the  topological  phases  in  condensed  matter  [Ki]. However, the  mere  K-
theoretical  analysis  leaves  some  unanswered  questions: What  happens  in  the  non-stable 
regime (small number of excited Bloch bands)? What is the topological meaning (in terms of 
homology or cohomology) of the labels which appear in the periodic table of topological 
insulators? In order to answer these questions one has to look at the vector bundle theories 
underlying the various symmetric classes of the Altland-Zirnbauer-Cartan classifcation (AZC). 
In the case of topological insulators of type A, AI and AII the categories of associated vector 
bundles are well known: they are the  complex, the  “Real” and the  “Quaternionic” category, 
respectively. In a recent series of works [13,19] I provide a homotopy classifcation for “Real” 
and “Quaternionic” vector bundles (for any rank!) which is based on the use of the proper 
characteristic classes. If one includes also the effect of a  Particle-Hole symmetry (PH) the 
number of  classes in the AZC classifcation increases. In particular one has the BdG classes 
(D,C,DIII,CI) and the chiral classes (AIII,BDI,CII). It is my opinion that, in order to have a 
more  deep  comprehension  of  the  classifcation  table  of  the  topological  insulators,  the 
following questions have to be addressed:

    - What are the categories of vector bundles underlying the BdG and chiral classes of 
topological insulators?

    - What are the associated proper characteristic classes which provide the classifcation 
and which replace the role of the Chern classes?

    - Can  one  extends  the  Chern-Weil  theory  in  order  to  have  differential  geometric  
description of such classes? 

The program sketched by these three point is the natural continuation of the investigation 
begun in [12,19].

- Photonic Crystals 

Photonic crystals are to the transport of light (electromagnetic waves) what crystalline 
solids  are  to  the  transport  of  electrons.  This  analogy  extends  to  the  mathematical 
formulation, because the source-free Maxwell equations can alternatively be written in the 
form of a Schrödinger-type equation. Since photonic crystal structures are relatively simple 
to design they offer a perfect tool to test the predictions about the existence of topological 
phases. For this reason the interest for these devices has been constantly increasing during 
the  last  decade. As a  matter  of fact, in contrast  to  a huge theoretical  and experimental 
literature, the number of mathematically rigorous works is extremely low. If from one side 
there  are  experimental  evidences  of  the  existence  of  non-trivial  topological  phases  for 
photonic  crystals  it  is  also  true  that  today  no  theory  (mathematically  rigorous)  able  to 



explain  and  predict  these  effects  is  available. In  order  to  cover  this  lack  I  started, in 
collaboration with M. Lein, a systematic  investigation of these systems. Our frst results 
[9,10] have been already published but a lot of questions are still open:

    - In [9,10]  we discovered that  the  light  dynamics inside  (non-gyrotropic)  photonic  
crystals is  well approximated by an effective Hamiltonian which has the structure of 
a matrix valued  Harper-like operator. It would be interesting to fnd out whether and 
how the properties of these model operators depend on the topological triviality of 
the single-band Bloch bundles. Moreover, we reckon that we can modify these model 
operators so as to break the particle-hole symmetry, leading to classes of operators  
which  hopefully  retain  some  of  the  essential  features  of  Maxwell  operators  for  
gyrotropic photonic crystals. We expect  the appearance of spectra of type  Hofstadter 
type as fngerprint of the existence of non trivial topological phases.

    - The next problem I intend to tackle is the rigorous derivation of ray optics equations 
in  photonic  crytals.  With  this  I  mean  the  derivation  of  classical  Hamiltonian  
equations for  the position and the momentum which approximate the  “quantum-
like” dynamics induced by the Maxwell operator. Usually, as a proof of the existence of 
topological  effects, the  equation for  the  momentum contains  an  anomalous term  
related  with  the  Berry  curvature. A  naïve  application  of  standard  semiclassical  
techniques  gives  at  best  an incomplete  picture, because  they  do not  care  about  
possible intraband transition effects that are indeed relevant for the light dynamics. 
This means that the standard techniques have to be improved.

    - A third very interesting avenue to explore are gyrotropic photonic crystals where the 
non-vanishing imaginary entries in the off-diagonal part of the electric permittivity and 
magnetic permeability tensors play a role similar to a strong magnetic feld in the case 
of periodic Schrödinger operators. They break a symmetry, and breaking this “time-
reversal-like” symmetry seems to be a necessary condition to allow for nontrivial  
topological effects. In that case, the time evolution group no longer commutes with 
the real and imaginary part operator, and initially real felds are mapped to complex-
valued solutions. Moreover, the spectral symmetry disappears so that it is not clear  
whether  there  exists  a  “natural”  decomposition  of  Bloch  waves  into  real  and  
imaginary part. Given how central the real felds assumption is to our arguments, this 
raises a slew of interesting physical questions. Moreover, the standard classifcation 
theory by Altland and Zirnbauer suggests that topological effects should only be  
observable  in  two-dimensional  photonic  crystals;  a  derivation  of  this  fact  for  
gyrotropic photonic crystals could shed some insight as to why that is.

    - The last point concerns the possibility to extend these analysis to the case of quasi-
periodic,  disordered or  aperiodic  photonic systems. A proposal to carry out such an  
analysis is to adapt the non-commutative geometric setting developed by J. Bellissard 
during the 80' [Be86] to the case of the Maxwell operator. The expected goals are a 
proof  of  the  gap-labelling  Theorem,  the  derivation  of  a  Kubo  formula for  the  
transmission of the light and a proof of the bulk-edge duality.



- Spectral Properties of Aperiodic Solids. 

This argument  concerns  the development of a new mathematical method capable of 
analysing the spectrum of the Schrödinger (and maybe Maxwell) operators with potentials 
created by the atomic nuclei of an aperiodic solid with long range order. This method is 
based on the  Aperiodic Wannier Transform which is the most natural generalization of the 
usual Wannier transform able to take care of the loss of  translation symmetry. 

The Aperiodic Wannier Transform has been conceived by J. Bellissard and has been 
intensely  studied  by  J. Bellissard, S. Beckus  and  myself  during  the  last  4  years. Many 
properties of this transform like unitarity, covariance, boundary condition, etc., have been 
defnitively understood.

The  construction of  the  Aperiodic  Wannier  Transform is  based  on the  following 
generalizations of notions typical of the periodic case:

    - The periodic arrangement of atoms is replaced by a  Delone set, i.e. a discrete set  with 
a fnite local density of points (absence of collapse) which is nowhere zero (absence of 
holes);

    - The Abelian group  of the  d-dimensional translations is replaced by the (generally)  
higher dimensional Abelian group generated by the set of vectors joining each pair of 
points of the Delone set: this is known as  Lagarias group [La99];

    - The  Brillouin  zone is  replaced by  a  torus  which has  the  same dimension of  the  
Lagarias group (more precisely by the Pontryagin dual of the Lagarias group);

    - The notion of fundamental cell is replaced by the construction of the Voronoi tiling; 
the latter leads to the defnition of the  Anderson-Putnam complex  [AP98] which is a  
CW-complex which encodes in its topology many properties of the Delone set.

The  Aperiodic Wannier Transform is used to  defne a Bloch-like decomposition for 
the  quasicrystal-Hamiltonians,  namely the  Schrödinger  operators  with  a  potential  energy 
given by  the sum of short range atomic potentials with atoms located at the points of  the 
Delone. More precisely, it  is  possible  to  show that  the  quasicrystal-Hamiltonian can be 
represented  as  a  continuous  family  of  operators  which  live  on  the  Anderson-Putnam 
complex.  Any representative  of  the  family  is  parametrized by  a  point  of  the  “enlarged” 
Brillouin zone through suitable boundary conditions. The latter are characterized in terms 
of the action a cohomology operator. 

The analysis of spectral quantities for quasycristals in dimension greater than one is a 
tremendously  challenging  problem. For  example, numerical  computations  are  made  by 
means  of  periodic  approximant  models.  However,  depending  upon  the  type  of 
approximation, defects may occur in the aperiodic limit. The method developed by us turns 
out  to  be  immune  to  such  problems. In  fact  we  have  a  procedure  which  selects  the 
“defectsless” approximants  and we can show a uniform convergence of  the  periodically 
approximate models to the full aperiodic model. This is a frst result which opens many 
others questions. For instance, just to mention a few of them: in dimension greater than then 2  
is  the  spectrum of  the  quasicrystal-Hamiltonian purely  absolutely   continuous  for  large  enough  
energy? Are gaps closed at high-energy regimes? (Bethe-Sommerfeld conjecture)
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